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ABSTRACT

The problem discussed is to obtain the solutiosimiltaneous quadruple integral equations
involving I-functions. The method followed is thadtfractional integration. The given simultaneous
guadruple integral equations have been transforoyettie application of fractional Erdelyi-Kober
operators to four others simultaneous integral gops with a common Kernel. Here for the sake of
generality the I-function is assumed as unsymrmadtricourier kernel. Here with the help of
theorems of Mellin transform, the solution of sitameous Quadruple Integral equations is
obtained. Some interesting particular cases haee ferived.

KEY WORDS : 45-XX Integral Equations, 45F10 Quadruple Inte@@liations, 33C60 Saxena’s |
— function, 45 HO5 (Special kernels) unsymmetri€alurier kernel, 33C XX Hypergeometric
Function, 44A15 Special Transforms (Mellin), 26AB@actional derivatives and Integrals, 44A20
Transforms of special functions, 45E99 Suitableti@onBarnes type.

INTRODUCTION

V.P. Saxend defined the I-function, which is more general hgmametric function than
the Fox’s H-Function. Saxena’s I-function is deéirees,

If,’?;“q_ r[Z] = [g?’:nq-:r ;(aii’ﬂii )n+l o L.‘[Et{s])z’ds
o o (ﬂj,“j)h; (bi.Bi),_, . | *™
_(bi ’Bi)’j m ) [1.1]
Where
tGs) - [1;24 [T (=]b; — Bis_] [24TCGEI1 —a + ctjs) [1.2]

HerePiand g, are positive integers and m, n are integers gaicf

o<n<Pi-0o<m<®i | (i=1,2,...cccccceeiiiiinn, ), ris finite
& Bj- @5, , By, are real and positive arfti bj.aj,,b; e complex numbers such that
Ba) DI +y) 2+ Bh(i-1v) for v= 0,1,2,00cciiin, C o h=12,eiem

FL2, i T



L is a suitable Contour of Barnes type which ruosnfc-ico to o+ioo, (o is real ) in the complex s-
plane such that the points

s=-1v) /% : j=1,2,..............,n ¥v=0,1,2,............... and

s:(bi+v) /B : 71,2, .myv= 0,12, lie to the left hand side and riglind
side of the contour L respectively. The conditiamsler which [7.1.1] converges are given as
follows:

n D m g, [13]
AFZ“i— Z o+ Bi- 2 B

=1 jem+1 71 gemet
(i=1,2,..., ..ool)

Qi i [1.4]
bj 4

EBl ,d)y= 12mu)-aG) ) +i=1 - -1
(i=1,2,.........1)
A; >0, largz| .;7A; and B; =0 S (=1,2, ) o

Mathur!**! obtained the solution of simultaneous dual integgaations involving I-functions.

Mathur °¢ have also considered the formal solution of tripieegral equations involving I-
functions. The aim of the present section is t@ivbthe solution of the quadruple integral equation
involving I-functions. The methodlfiwed is that of fractional integral operators. g
application of fractional integral operators givequations are transformed into a equation with
common Kernel.

RESULTS USED IN THE PROOF OF THE SEQUEL
MELLIN TRANSFORM:

M{£(0)} = F(s) = [ FG0x*ax [2.1]

INVERSE MELLIN TRANSFORM C+| oo :

1 pcsioo 2.2]
M~FE)= f(x) = —I Gk ~ds
2m

~ica

For s = c+in, x>0

PERSAVAL THEOREM FOR MELLIN TRANSFORMS:
Let M {f (u)} = F(s) and M {a (u)} = A(s) then

M {a (ux)} = X 5AG) and



ca . 1 _
J; f (ux)a(u)du = HJ;X SF)AQ — s)ds

FRACTIONAL INTEGRAL FORMULAE:
Fractional Integral formulae have been defined &y &s follows:

[X 1 1)"‘9‘1 S el'(d —e)l'(e —cs) :

M(x]Jc —wve . Ve dv = I —cs)

1
—_ —x
c

Jo

e
providedd >e and— >0 wheres —o+itandp<x <1

[
and
f"” (R 1)““""‘ 4, _cTd-ele+es) -,
'C — XC Ve e = X
Jx viemE v v I'(d + cs)

e
providedd >e and— >0 wheres=0+itand x >1
C

FRACTIONAL ERDELYI - KOBER OPERATORS:
Fox used the following generalized Erdelyi —Kobgre@ators:

m X
T [y, em]{f(x)} - ﬁx—rm—ﬁm—l L [x]™M — MY % 6 )dv,

where0<x<1

and

Im o
Ry €m]&x)}= E .XEL [(v]™ — x™)Y—1 yevmem—t 034y,

where x> 1

The operator T exists if f(%l‘p (0,0),p > Ly > Ouna

e ; P and if f(x)can be differentiated

exists for both negative and positive valug.of

[2.3]

[2.4]

[2.5]

[2.6]

[2.7]

sufficient number of times then the operator T



The operator R exists if f(&L'P (0,%),p= 1 ang If f& can be differentiated sufficient
number of times then the operator R exists.

-1
E>—
Ifm> P whiley can take any negative or positive value.

A THEOREM FOR MELLIN TRANSFORMS:
If M {f (W)} =F(s)and M {g (u)} = G (s) then

o 1 oy +HiT
J; g(ll]f(_u]du=m 1]:1—1}33 f o G(s)F(1—s)ds
&gy =Ra(s)” To 7! [2.8]

Thus if f (ux) is considered to be a function okith x as a parameter, where x > 0 then
M{I (ux)[:} = x] "M@} [2.9]

From [2-3 ] and [2-9 ] we have

oo f d 1 l U'u+i.T _
J; g(ux)f(u) 1.1=H Tl_I}I;j LuliT xSGEF(L s)ds

freay= R () [2.10]
Additional conditions for the validity oﬁ-lﬂ ] are that

F(s)elp (B0 1i00.ag +im) ana

x17% g(x) CLP (0,0).p = 1 WhereLP denotes the class of functions g(x) such that

e d
f e o
0 x [2.11]

3. THE SOLUTION OF FOLLOWING QUADRUPLE INTEGRAL EQU ATIONS
INVOLVING I-FUNCTIONS

J070E LIpy(1): [qi(ixn'mm  n)ux/qiallke). 1, o))(l.n
[3.1]

wherex€(0, a)

foteZ [Lp,(1): 1q1, (k' ) ux/e icldken. 1, a;j),1.m.ectbaken. 3, By)Hl.m

where xe(a, b)



noteo= L Lp,(i): 1qi(ixn'mm ) ux/eiclke). 1, a,j)l.n).¢
[3.3]

where xe, ¢)

= [Ip,(1): Eql(iypnim  n)ux/a icldken. 1, aj),d.n.e

[3.4]
where x£(. o)
Where O<a<landl< o=

Here aphk, bpk, ¢hk and dy,) are well known constants and ¢;, ®.¢, )¢, Gland ¢, G

are prescribed functions for h =1,2,........ N k2. ,nandh (x) is unknown function for
h=1.2,....... n, which is to be determined. Applyingr$aval’s theorem in the integral equations
[3.1], [3.2] ,[3.3] and [3.4] under the conditions:

R 1
o-Min@1 =j=m) tRe) (1 thakejs(w )1, /ﬁi ) < e (s) =0
o(~Max@1 <j <)+ IR,e) (1 Tankej) T ,(=(@)) /%) [3.5]

1
o(-Min@1 = j«m) tRe) (I Ibu ke, /ﬁj ) <Re (5) < =
s(-Max@1 =j=mn) tRye) (1 tcau@j) ,(a(@)) /%) [3.6]

1
«(-Min@1 <j =m) tR,e) 1 Tanxeipd, /B )< Re(5) <=, .

o(-Max@1 <j =m) ERye) (1 @)1, /&) [3.7]
1 [3.8]
larg<l <3™% | =12 r
Where
m Pi Qi - [3.9]
EIVEDETH WS
i=1 j=n+1 j=m+1 1=1

wherei=1.2.___.r

then the integral equations [3.1], [3.2] ,[3.3] 48d!] are reduced to the following forms:



l_[] 1 [(['(:::;;Thk B )l_[] 1 O]l — a]]( — 'Ijs)

Z:IIIi J;.

i—1 H] m+ 1[(['(1 'b] _Bji l_[] L T(E]a 5115+ﬂji5)

X ® Z apk Fpd - s)ds = ¢, (x) [3.10]

h=1
where x €0, a).

Z:IIIi J;

T k ..... o k
E:'l ] m+1 Er(l — h ..... - B ) l_[|p—n+1 [F(ia]i =+ l‘.'[ji S)

| [F(::::;Tbk Bjs) [T [T(2]1 - c]; — c[is)

X ® Z bhk Fh -s)ds = ¢, (x). [3.11]

where x €(a, b).

X9 Z Chk Fh -5)ds = d}gk(xj [3.121]
h=1

where X €, c).



Zillti J;.

r —9 k ..... 7 k
i=1 l_[] m+1Er(1 -’—b]l;:;_ﬁiis) l_[] n+1 (=) : +c[ii5)

x5 Z dpi FRh(1 - s)Mds = ¢y (x) 11.131

where x €lc, w).

Here M {fh (u)}=Fh (s)forh=1,2,............... n. [3.14]

Now in integral equation [3.10] replacing % % and multiplying both sides of the equation
[3.10] by

1 1\l 1

. In:: - By
(X “"uﬁ) .V % and integrating both sides of integral equatiorL§Bvith
respect tov from 0 to x where x (0,a) with 0 <a <1 and applying well known fiaoal integral
formula [2.4] in equation [3.10], we find

Ic Ic _k
1 a X 1 1 )En _ané"§_1 "n -1
x L [((xuﬂfn — v&a v @ b, Gldv [3.15



where 0 <x < 1.
Using the Erdelyi-Kober operator T from [2.6] inuagjon [3.15],
For brevity we write,

c].; —ak [3.16]
T[ )= iz, -Leak@)) 1u)/ehi -1 180] (9.(de(@k)) 0O) = 1, {
¢ .(1a(@k)) (30}

where x €@, a).

then
k
1-c¢
k k n:: ] l ~
T cl’l _an;;;’a—n - 1 N oy {¢'1l{ {X]} = 'I:.J {q}lh (x]}

[3.17]

where x €(o, a).

Hence from [3.17], the integral equation [3.15] tenwritten as

n
X ® Z apk FR-sxds = T, {q;ik (X)}. 13.18]
h=1

where x €(o, a).
Now repeating the same process in integral equ§did®] for j= n-1,

n-2,....... ,3,2,1then the integral equation [3.18] ke from



1 J; .....
21

E=1 l_[] m+1 [r(l _Tbk B Bii 5) l_[] n+1 [(FI:

n

.
i
=

h=1 i=1

wherex €,a) k=12,............. n

ap FR(1 — )ds = H T, {(I)il{ (x)} _

1 J; .....
2Tl

T k P;
E=1 j= m+1 [F(l o b - Bji 5) l_[j:

n

Z bphk Fh(1l —sjds = Z EthT; {q:lk

h=1 j=1

where xc(o,a)

 k=1,2,..................,nandhik are the elements of the matrix

bhkl@hK] ™

We have

LK
E=1 j= m+1 [r(l _-’—b] ...._ Bl. ) l_[]—n+1 [FI~= :

[7.10]

[3.20]



n [3.12]

—s . Cenle ]
X Z ChkFhd - s)ds = (|:3k(x]
h=1

where x e, ).
or

1 L ] ]
2l

: K
o T 0

i=1 j=m+1 e UhT A =n+1 B VAT L

In
x5 bpgFh(1—s)ds= ) fhk $3, 6 wherex €60 [3.21]
h=1 h=1
k=12, .ccciiiinnnnn. ,n andlik are the elements of the matrix

bhillchkl ™

Now in integral equation [3.13] replacing x byand multiplying both sides of the equation [3.13]
by
1 l ':ll'l-:l['l.:_I::'I'l-:l['l.:_1 i_di_;
i(“[}'iﬁm—xﬁm) YV Em -t
and integrating both sides of integral equatiof3Bwith respect te from x towo, Where
X e(€. 29) with ¢ > 1 and applying well known fractional igtal formula [2.5], We find,

1/zmi gL M (i — Dran - L eral eda(kej) 1, + B Hmg = D)'nsercd €1 - cack@iyl 4 — ouj $) 1 tbak@my, + fym sy/d=DrEll(i=m+ L'(E qd
bl'l.‘[‘ 1 1 d
= ! X Bm f [((vjﬁ_m — Xﬁ_m)
BT (dI]l(l _bI]:I

Lv] T - tdack@mi,)/fm - 1) p,dnc @) (V) oy [3-22]

where x > 1.
Using the Erdely-Kober operator R from [2.7] in atjan [3.22]

For breviety we write,
LK [3.23]
ak pk )=
R[ J= iz |, B :1B8ilthdecek)) @ i3=ry (¢ (@a(ek))



where x €c, m).

then

bk [3.24]
dk _pk m:
R[ M= m= |, Bn :1/6m] (g @de(ek))X)}=rm {

¢ (4neky) (2

wherex €(c, o).

Hence from [3.24], the integral equation [3.22] tenwritten as

Hi [F(::::;Tdk B )l_[] 1 M(=]1— c]]‘ — ais) r ( brlfl + Bms)

xS Z dpk P - 9)ds = Ry {bg, ©) ]

wherex €(c, o).

Now repeating the same process in integral equfdi@s] for

j=m-1,m-2,.............,3,2,1 then the integral equati8r2p] takes the form
[ g— ".' k ".' k
1'[] 1 [Tz b] _____ —|—BJ )1‘[] 1 [Tz l—c]____:—ctis)
E‘.Hij;.

1| k o k
r 1'[] mﬂ[(['(l— b —Biis)l'[] g D) EE—I—uiis)

n I
xS Z dpi Fh(1 —s)ds =j1_1[Ri {o, &}.
=1 =

[3.26]

wherex€(c, =), k=12 . c.....n.



1'[] 1[(['(:::::*]:}]; —I—B )1‘[] 1 [Tz .1—(:] —ajs)

ik
21

r {10 , L1 _rbk B s ) H,_n 1 [(F[z:::zja;; +a;, 5)

k=12, eein and hi the elements of the matrix

bpkldpkl ™"

Now if we set
P(x) =
AC . h = 1ynz el ehk)1 n = H'nEeT,j {p,(1M(ek))x)},] where
[3

8]

Where k=1,2,..ccccoiiiiiiiiiinaenn, N.

then integral equations [3.20],[ 3.11] ,[ 3.21]ddB.27] having common kernel can be put into the
compact form as

- k P; T k
E=1 | m+1 [r(l _-’—b] ...._ Bji S) l_[i=r1+’1 [Flf"'i-’—'aji + {Iji S)

x® 2 bk Fh( - 8)ds = py &). [3.29]



wherex€ (0ow)andk=1,2,....cccccoevvennn, n.

In order to solve the integral dtpa[3.26] , the additional condition requirecdtist the
I-function is symmetrical or unsymmetrical Fourlarnel and f(u) is continuous at u=x. For the
sake of generality we assume that I-function issymmetrical Fourier kernel, In this case the
parameters have to satisfy the following set ofditions:

(i)

Pi qi n

Im
2.6 Z 4= 2 B«
j=1 . £ j=m+1 =1
j=n+1 (i=1,2,........ N9 [3.30]
W mog  n oy & g2
B _ Uk
Zl]]::::: _Z Ve 2. b] ZE’
j=1 j=n+1 j=ms1 1=1 (I:1,2, ..... ,r)
(iii) E Ri,epl- tcackejyd, )-oj/2 11> ouj/(2Dy)y :(1, 1:1,1 S I
i=1,2,.....1)
(iv) L R1,e(rantk@j)d,; + wj/2) 1> wj/(ZDi) (1, j=n+1,2,... .. Pi ;

>[3.31]
V) E R1,cidackepd, + Bis2) 1= B,/(2D4i) (1, j=12,...m :

M) & Ra,erd - tbackepn, y-Bis2 01> Bii/(2D4i) (s j=m+1,.].Gi :

i=1,2,..... r

Where J
m P; q; n [3.32]
i-1 i=n+1 j=m+1 1=t

where i=1,2,..... T

Now with the help of theorem V. P Saxétth we find its respective reciprocal kernel
m+1,q

[3

3]



Wherek=1,2,...cccceviiinnnn.n... .

Taking Mellin transform and making use of the tlorof V. P. Saxena (1971) in integral
equation [3.29], We have the following solution:

=

[3*34]_ =Dhnsita(@hinl 1 +(T =) J(1/Z2-1T){(1/2 + ITE(LA = yremd =m + 1)T{(@,DE (3 €1 -bakehd, -Bi+Bdomd =0+ Y@z ir(] feakaf
X_S Pk{l — sMs

where M {pk (x)} = Pk (s), thk are the elements of the mat! hk] 1.2,.......... ,nand

k=1,2, i .

Now using Parseval’s theorem in [3.34], we find sioéution finally,

n oo T
Z thkf Z Hj [ux]Pk(u)du [3.35]
0 4
i=1

fh (x)= b=1
4. PARTICULAR CASE

If we put r=1 then the integral equations [3.8}2] ,[3.3] and [3.4] reduce to the Quadruple
Integral equations involving Fox’s H-functions agemn below:

ux -
[ Hp+n q+m k -}Zahk
| a. o |]’=1 4.1
N A
I/ k |
b B;
('.)J th (u)du=Pe &
where x €. a)
o o oux
[(Hmn [ thkt‘h{u]du
(c]i( ﬂi) h=1 [4.2]

(b]:Bl) : = qt”?km

where x €G.b)




- n

a [ ux
[ HEE o [ ] e
k

[4.3]
bl )
( ) ) fh (u) du:¢3km
where x €G, ).
® o mn R S
J; Hp+n,q+m 7N Zdhk
k h=1
(‘:j J“i) [4.4]

5 8)
ak .
( i Bi) | th (u) du=Pnc

where x¢elc, w)

Jl](. b]’lk‘ Chk and dhk are well known constants

Where O<a<1 and 1<ex Here and

Py . ¢’2k m'¢3k (x) and ¢y, are prescribed functions for
h=1,2,...............,R5 1,2,

The solution of Quadruple Integral equati[ﬂfl],[‘l-z], .[4.3] and [4-4]involving Fox’s H-
functions is obtained by putting r =1 in solutiéh35] and so ,far solution obtained is,

n ca 4.5
Z thk‘[) H[llX]Pk{u]du [4.5]
fh (X) =h=1

-1
Where MPk®)] = PrG) and hi: are the elements of the mat”?(hk] for
h=212,...............R= 1,2, ...,
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